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TECHNICAL NOTE NO. 13^5 

CEITTCAL COMBaNATICNS OP TORSION AND DIRECT 
AmL STRESS FOR THm-NALLED CYLINDERS 
By S. B. Batdorf, I-Ianuel Stein, and Minry Schlldcrotit 

SUMMARY 


A theoretical solution is presented for the determination of 
the corah inations of direct axial stress and torsion \diich cause 
thin-vailed cylinders with either simply supported or clamped ed^es 
to huckle. This theoretical solution is used in conjunction with 
a’milahle test data to develop empirical curves and formulas for use 
in design. Comparisons are made with theoretical and empirical 
solutions obtained in other investigations. 


RTTRODUCTICII 


The determination of the combinations of direct axial stress 
and torsion which cause thin-walled cylinders to buckle is treated 
in the present paper. Cylinders in torsion buckle at a stress 
slightly less than the theoretical stress (reference 1) and cylinders 
in compression buckle at a stress considerably less than the 
theoretical stress (reference 2). It therefore appears that the 
theoretical solution would be in good agreement with, the experimental 
results when the buckling is due mainly to torsion but would require 
modifications when the buckling is to any appreciable extent due to 
compression. 

EnrplricaLL approaches to the problem have been made previously 
(references 3 to 5) and InteractlcMi formulas have been proposed for 
use in design. These foimulas are somewhat limited as to the range 
of applicability because of the limited r"nge of dimensions of the 
test specimens. 

In the present paper theoretical interaction curves are derived 
(appendix A), the test data of references 3 to 5 are re-examined, 
and finally empirical interaction curves and foinulas that are 
rational modifications of the theory are developed. The present 
results can therefore be used over a much wider range of cylinder 

/ 
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dimensions than could previously avallahle results . In the analysis 
given herein the theoretical resiats are first descrihed and then 
modifications are Introduced to hrlng the results into agreement with 
available experimental data. 


Syi'IBOLS 


m, n, J 
r 
t 
u 


V 


w 


X 

y 

D 

E 

L 

Q 

Z 


integers 

radivts of cylinder 
thickness of cylinder vail 

displacement of point on median surface of cylinder in 
axial (x-) direction 

displacement of point on median surface of cylinder in 
circumferential (y-) direction 

displacement of point on median surface of cylinder in 
radial direction; positive out^mrd 

axial coordinate of cylinder 

circumferential .coordinate of cylinder 

flexural stiffness of plate per unit length 

Young's moduilus of elasticity 


Et- 


i,l2(l - 


length of cylinder 

operator defined in appendix A 

curvature parameter 




^8 


coefficients of terms in deflection functlcaas 

- 

shear-stress coefficient appearing in egxiatlon t = — - — 
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dlrect-exlal-atreBS coerficlent appearing In 

equation ® — x — 

L^t 


Mn 


n 

8p 


+ p^y 


l2Z^n^ 


n'^(n2 H- 3'^) 


2^2 ■ 



empirical sheaz'“Stresa ratio (ratio of* shear stress present 
to empirical critical shear stress in absence of other 
stresses) 



theoretical shear-atress ratio (ratio of shear stress 

precent to theoretical critical shear stress in absence 
of other stresses) 

empirical dlrect-axlal-stress ratio (ratio of direct 
axial stress present to empirical critical direct 
axial stress in absence of other stresses) 

theoretical dlrect-axial-stress ratio (ratio of direct 
axial stress present to theoretical critical direct 
stress in absence of other stresses) 

deflectisn fiaictions defined in appendix A 



X half vave length of buckles in circumferential direction 

U Poisson's ratio 


CTj direct axial stress in cylinder ^mll 

T . shear stress in cylinder vail 


■ 8x^ cfer® 


Inverse of V^, defined by = v 
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EESULTS AND DISCUSSICJJ 

I 

Theoretical Interectlon curves .- The combinations of shear and 
axial B'tresE which cause cylinders to buckle may be obtained from 
the equations 

kgrt^D 


and 


= 


2 

D 

L^t 


when the stress coefficients kg and k^^ are known. The 

theoretical combinations of shear-stress and axial-stress 
coefficients for cylinders with simply supported or clamped edges 
are given by interaction curves for a number of values of the 
curvature parameter Z in figures l(a) and l(b) , respectively. 

Por small values of Z, which describe very short cylinders, 
the interaction curves have vertical parts which are discussed in 
some detail in reference 6 and in appendix B of ihe iJresent paper. 
At slightly larger values of Z the curves have the general shape 
of a parabola and at still larger values of Z the curves tend to 
straighten out. Computations show that curves plotted in stress- 
ratio form for simply supported cylinders are substantially 
independent of the value of Z from Z = 30 to at least Z = 1000, 
the largest value of Z that >ras checked. Such interaction curves 
were not computed for cylinders with clamped edges at large values 
of Z; however, at large values of Z, the critical stresses in 
both shear alone and in compression alone are substantially 
independent of the type of edge support. The interaction curve 
therefore can reasonably be assumed to be almost independent of 
the type of edge support. The interaction curves for cylinders 
having values of Z greater than 30 wixh either simply supported 
or clamped edges may be approximated in the compression range by a 

straight line from (Et) = 1 to (Rb^ = 1 and early in the 

\ /th V 'th 

tensiOTi range by a straight line having a slope of -0.8 passing 

through fUa'] =1 (see fig. 2). The denominators of the stress 
V /th 

ratios ('Rc'\ and ('rS) are the critical stresses for torsion 

V Vth ' ^th 
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alone and for axial compression alone^ * alch may l5e obtained from 
the theoretical currea of figures 3 snd 4, teihen from references 1 
and 2, respectively. The theoretical interaction data that have 
"been computed are given in table 1. 


Very long cylinders in torsion 


(z > about 10- 


buckle with 


two circumferential half waves and the cijrves of figure 3 no longer 
apply (see reference 1) • The curves of figure 4, which describe 
the local Instability of cylinders, do not apply to very long 
cylinders ■vdiich fail as Eiiler columns (Eriler buckling occurs for 

Z > about 7 « t 4 for simply supported cylindrical columns) . The 
t . 

present paper is solely concerned with short and moderately long 

cylinders - say, Z< 7*7o‘ 

t‘^ 


Empirical Interaction curves .- As cylinders of moderate or 
large curvature buckle in compression at a stress considerably less 
than the theoretical stress, the curves in figures l(a) and l(b) and 
the Interaction data of table 1 must be modified to give results 
applicable to actual cylinders. The requirement that for large 
values of Z the empirical interaction curve should agree approxl- 
raately with the theoretical cTirve near the ks-axis and yet cross 
the kjj-axis at only a fraction of the theoretical kj^-intercept 

suggests the use of a curve of the parabolic type in the compression 
range. Available experimental data indicate that the analysis 
required to determine the type of parabola most satisfactory from a 
theoretical point of view for each particuleo? cylinder is not 
Justified for practical purposes because of the scatter of the test 
points and that the use of the simple parabola ^ 

is satisfactory. 

The simple parabolic Interaction curve is completely determined 
^en the intercepts corresponding to pure torsion and pure compression 
are known. These Intercepts may be obtained from the empirical 
curves of figures 3 and 4. The empirical curves for cylinders under 
ccanpression were obtained from reference 2, and the empirical curves 
for cylinders under torsion were obtained by fairing a cijrve throu^ 
the teat points given in reference 1. 

Eeferences 1 and 2 Indicate that theory and experiment are in 
good agreement for either torsion or compression alone for very 
short cylinders (Z ^ 1 for simply supported edges and Z « 5 for 
clamped edges) . in these ranges of Z, therefore, the theoretical 
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Interaction ciirves (figs* l(a) anfl- iCli)) valuas frcen table 1 
may bo used. At larger values of Z pa'.’abollc Interaction curves 
■with intercepts ob-talned from -the empirical curves of figures 3 
and k are racammended for use in ■the ccmpresBlon range. 

3ii the tension range -the theoretical interaction curves may be 
expected to be in reasonable agreement vith eiperimen'tal resul'te 
beca'ose axial tension tends "to minimize "the effects of initial 
eccentricities, vhich are generally considered to be responsible for 
the large discrepancies be"tween "the theoretical and ■the e:^)er3men^tal 
values of critical compressive B’tress. Therefore, under canblned 
torsion and modera'be tensicn - "that is, ■the ■tension range for ■vfcich 
confuted restilts are available - a conservative approximation to the 
bucJcling s ■trees which may be used for ■the design of cylinders of 
;moderate or large curvature is a s-trai^t line. This s^tralght line 
has ■the same slope as ■the ■tlieoretical interaction curve in "Uie 
■tension range and passes throng ■the point corresponding to buckling 
of a cylinder In torsion alone as ob^tained from ■the empirical c^urve 
of figure 3* 


INTimCTICR 


On the basis of "the preceding discussion of "the in^teracticn 
curves, "the critical oombinatlans of torsion and direct axial 
stress for thin-walled cylinders of moderate or large curvature 
may be expressed approxims •bely in S'tresB-ratio form by ■the following 
simple formulas. 


theoretical interaction formulas .- Theoretical interaction 


f omnilas for 30 < Z < 7 *7"^ expressed *by th.e following 


equations : for shear and conpresslon (cf < (^x)^ 


< n, 



ilFTr 
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The theoretical critical stresses of cylinders in torsion alone and 
cylinders in axial compression alone can he obtained hy the use of. 
figures 3 4, respectively. Figure 2 shows that equatims (l) 

and (2) are fairly good approximations to the theoretical results. 

Ea- pirical interaction formulas .* Empirical Interaction formulas 
can he expressed by the following equations: for shear and 

compression |o < ^ < ij , 



and for shear and moderate tension (-1 ^ f ) < C 

\ ^ /th 

(B ) + O.afR y o0.9 . . (4) 

• ^th ^ 'th 


Equation (3) is valid -vdien 1 < Z < 7*7^ for cylinders with simply 

t^ 

i’2 

supported edges end when 5 < Z < 7*7“5‘ for cylinders with clamped 

2 

edges; equation (4) is valid when 30 < Z < 7 • 7 ~^ for cylinders 

with both simply supported and clamped edges. 

The empirical critical stresses of cylinders In torsion alone 
and cylinders in axial compression alone can be obtained by the use 
of figures 3 and 4, respectively. At values of Z < 30 the 
theoretical soliition may be used for design purposes In the tension 
range . 


C0MPARI3CW OF EMPIRICAL IH'TEPACTICN RESULTS WIIH TEST 
mTA FROM OTHER EUVESTIGATTCWS 


The acciAracy of the empirical results is checked by a comperison 
with test data in figures 5 and 6. Ln figure 5 test data obtained 
from reference 3. for celluloid cylinders are given for several 
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selected values of Z. Each cylinder vas "buckled several times 
under different combinations of torsion and axial sti*ess and the 
results are presented directly in strese-ratlo form. These stress 
ratios are based upon the observed critical stresses of the 
cylinder in torsion alone and in axial compression alone and 
■therefore "the results sei^e as a check only cn the shape of "the 
in-teraction curve and not on -the actual stresses. In figure 5 
•the assumption of a parabolic in'fceracticn curve is shown to be 
slightly conservative. The parabolic interaction curve in 
figure 5 corresponds to "the more canservative of two formulas 
suggested in reference 3 t>y Bruhn and is the same as the fonrula 
Bugges-ted by Ballerstedt and Wa^er (reference 5) foi* "the 
compreseion range. 

Test data for several values of Z obtained by Bridget in 
reference It for the buckling of brass end steel cylinders vmder 
couibined torsion and axial s'tress are plotted in stress-ratio form 
in figure 6. Because a different cylinder •was used for each 
ccmibination of loads, the data show considerably more scatter 
than those of reference 3* The reduction of •the da-ta from s-tresses 
to stress ratios by the iise of ■the empirical curves of figures 3 
and 4, however, provides a check on ■tlie accuracy of the points 
corresponding to shear alone and ccmpression alone which is not 
provided by the test data of reference 3* The empirical inter- 
action curve, also sho'vai in figure 6, 11 sj near the center of 
the rather ■wide scatter band. 

Ballers+edt and Vagner (reference 5) tested a number of very 
thin brass cylinders under combined torsion and ■tension and 
concluded that for the design of cylinders under such loading 
conditionB the following equation may be used: 


(^s) ^ 

^ ^exp ^exp 


Eesults ob^tained by use of equation (5) appear to be in very 
satisfactory agreement wi'th experimental results when "the 
equation is used in conjunction with the formulas given in 
reference 5 for buckling in pure ccmpression and pure ■tension; 
when equation ( 5 ) is used in ccnjunctlon wl^th the more accurals 
values given in figures 3 4, however, the equation is very 


iirT" 
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unconservatlT© . The test data of reference 5 con^are favorably 
with the present rec onuaendad design curves when the stress ratios 
are recomputed by use of the en^jlrlcal critical streasea given in 
figures 3 and 4. 


Langley Memorial Aeronautical Laboratory 

National Advisory Committee for Aeronautics 
Langley Field, Va., March 20, 1947 
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APPENDIX A 

I , 

THEORETICAL SOLUTICJT 


Eqv.a tlon of eGullllrivim .- The combinationB of shear and axial 
Btres-v vhich will cause a cylinder to huckle may he obtained hy 
solving the following equation of equilibrium (see reference 7)! 


•vdiere x and y are the coordinates indicated in the following 
figure ; 



DivlBicn of eqmtion (Al) by 


D gives the equation 


+ 


12Z^ k 


+ 


2hg 


IF dy l2 


0 


(A2) 


liri^ 
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^diere the dimensionless parameters Z, kg, and are defined by 


rt 




D«2 

qxtL*^ 


Eqiiatlon (A2) can be represented by 

Qv => 0 

■vdiere Q is defined by 


(A3) 


Q 


i2z^ _-k 


+ 2V 


V ££- 

3y ^ 


Method of solution .- Equation (A3) may be solved by using the 
Galerkln method as given in reference 8. In the application of this 
method, eqiiation (A3) is solved by the use of a suitable series 
expansion for w aa follows: ... 

' -L i 

®m^m + ri V^m (A'^) 

m=l m=l 

3n equation (kk) the fimctions V^, Vq •••Vj, W^, Wg ...Wj 

individually satisfy the boundary conditions on v but need not 
satisfy the equation of equilibrium. 
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The coefficients and are then determined hy the equatians 


|2X Ph 


Vj^Qy dbc dy B 0 


10 do 




j)2\ 

0 Uo 


nt 


Wj^Qv dx dy B 0 


(A5) 


^ere n b 1,2,3, , » , 

The "boTindary conditions considered In the present paper are 
as follovs; For simply supported edges. 


V 



V B 0, and u " is unrestrained; 


and for clamped edges. 


V 


9v 


0, and V unrestrained . 


Soli;tlon for cylinders vlth simply supported ed^es >* The 
following infinite series expansion can be used to represent exactly 
the displacement v in the case of cylinders with simply supported 
edges: 


00 00 

V B Bln sin ~ + cos hn sin ~ (a6) 

m;=l m^l 


III 1 ' 
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^ere X Is the half wave length of the hiicKLes In the 
circumferential direction. ErpresBlon (a6) Is equivalent to 
equation (aU) if 


^n = ?• sin 


(A7) 


Suhstltution of expressions (a 6) and (AT) into equations (A5) and 
Integration over the Units indicated give 


(r? * 

^ ' n'‘(n2 . 3=) 


2 ■ 


^ ^ rt»+(n2 + p2)2 


mn 


§g£a\ V — ■ 


Dj^sl 


8p^ y~ . an _ 

rt Z_ ^ „2 . 

m^l n - m 


(a8) 


where 



n » 1,2,3, 

Equations (a 8) have a solution in which the coefficients and 

the coefficients hj^ are not all zero only if the following 
determinant vanishes; 
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a]^ e .2 a3 aij. 8-5 8g . . • bg b^ b4 b^ bg , . , 


nel 


no 2 


n«3 


n * s 4 


n «*5 


n ®6 


0 0 0 0 

■*^8 


0 ° 


n«l 

n =2 

n »3 

IlssU ’ 

n «5 

n *6 


2 

3 


k_ 

15 


0 0 0 

D 


2 

■3 


6 

5 






0 0 4 


15 


35 


6 

'5 


0 -g 0 




0 ^ 0 0 


10 0 ^ 0 -2a 

21 9 11 


2 

3 


0 


g 0 


2 u 

3 ° 15 ° 


6 . 

35 


k 

’15 


0 2^ ® • • • 


f ° 


0 ° ^ ° ••• 


... 0 -g 0 -g 0 g ... 


0 


35 


2 

■3 


0 .30 

u 


•*• 0 0 0 00... 

, . , 0 ® ® ® 0 • • • 


0 0 0 0 0 .. 
^8 3 


0 0 ,0 0 0 • ■ • 


«•• 0 0 0 0 


0 ••• 


0 0 0,0 0 


cvilco 
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■where 


M JL 
^ ■ §0 




By a rearrangement of rows and columns, ■the Inf Ini ■te dete rm i nan t 
can he factored Into ■the product of two uru'tually egul^walent infinite 
auhdeteimj-nants . The critical stress may ■then he oh'talned from, either 
suhdeterminant in the following equation: 



®i 


S3 

h4 

®5 

■^6 


1^1 

»2 

h3 

®4 

h5 

86..., 

n=l 


2 

3 

0 

4 

15 

0 

6 

35 

• • ■ 

0 ~ 

0 

0 

0 

0 

0 ... 

n=2 

3 


6 

5 

0 

10 

"21 

0 

• • » 

0 

0 

0 

0 

0 

0 ... 

n=3 

0 

6 

5 


12 ■ 
7 

0 

2 

3 

• • • 

0 

0 

0 

0 

0 

0 ... 

Ilwiv 

4 

15 

0 

12 

7 

— Ml 

icj-k 

-20 . 
T 

0 

• • • 

0 

0 

0 

0 

0 

0 ... 

n=5 

0 

10 

"21 

0 

20 

9 

— M 
kg 5 

30 

11 

• • f 

0 

0 

0 

0 

0 

0 ... 

11^6 

6 

0 

2 

0 

30 

J-«6 

ft 

ft 

« • « 

0 

0 

0 

0 

0 

0 ... 

35 

• 

• 

3 

9 

ft 

« 

ft 

11 

ft 

ft 


9 

ft 

ft 

ft 

« 

ft 

9 

ft 

ft 

• 

■ 


1 

• 


ft 

ft 

ft 


9 

1 w 

9 

2 


ft 

4 

• 

a 

6 

n=l 

0 

0 

0 

0 

0 

0 

* ■ * 


’3 

0 

’l5 

0 


n=2 

0 

0 

0 

0 

0 

0 

« a • 

2 

"3 


6 

5 

0 

3.0 

21 

0 ... 

n=3 

0 

0 

0 

0 

0 

0 

• • • 

0 

6 


-32 ■ 

0 

2 

» a ■ 










5 

7 


3 


0 

0 

0 

0 

0, 

0 

• • • 

4 

0 

.3=2 


20 

0 ... 







15 


7 


9 


n=5 

0 

0 

0 

0 

0 

0 

• * • 

0 

10 

21 

0 

ia 

9 

k ^ 

30 

• « • a 

11 

n=s6 

0 

• 

0 

t 

0 

f 

0 

• 

0 

• 

0 

• 

9 a V 

6 

35 

ft 

0 

a 

2 

'3 

• 

0 

ft 

-30 

n 

• 

s 

a 


• 

9 

• 

« 
' « 

• 

• 

• 

• 

• 

• 


ft 

ft 

• 

• 

a 

a 

ft 

ft 

« 

• 

• 

a 


= 0 


KAIO) 
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The first approxlmatlcai, o’btalned from the second-order 
determinant, is given "by 



(All) 


Hie second approximation, oltalned from the third-order 
deterrlnant, is given hy 



(A12) 


The third approximation, ottalned from the fourth-order 
determinant, is given hy 



* * (^)V3 (|T»y% 


+ ® 0 


(A13) 


The sheer-stress coefficient kg may he found in the various 
approximations directly from equations (All), (A12), and (A13) for 
any given values of Z, and &• Because a structure buckles 

at the loveet stress -at vhich instability occurs, the value of ks 
is found for a series of values of 3 . . The minimum value of . kg 
for the given values of Z and kj is thrai determined from a plot 
of kg against p. Table 1 shovs the convergence of the various 
appro 2 ±nations for kg. ■ 

Solution for cylinders vlth clamped edj?es .- A procedure 
BlmHar to that used for cylinders vlth simply siroported edges may 
he foUoved for cylinders with clamped edges. The deflectlon- 
functlcn used is the following series; 
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TTISS 


cos 


Cm « Dffic . (m_+_l)jtx 


+ COE ^YH V 
iil;=l 


coa IffijUJaS 


(A14) 


that 


CcmpariBon of equation (Al4) with equation (a 4) ehowB 


Tj^ =» sin 


- CCS 


nx 


= cos ^|c 03 - COS 

“ T ! . L L 


^ (AI5) 


^ere n » 1,2,3, ... 

■When operations equivalent to those carried out for the case 
of simply supported edges are performed, the following simultaneous 
equations result; 




vhare min I0 odd 
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and 




^2 + p2y 




A(n2 * 


The infinite determinant formed hy these eqioations can again he 
reaiTsnged so as to factor into the product of two mutually equivalent 
infinite subdeterminants. The vanishing of one of these determinants 
leads to the following equation; 




"1 

^2 

°3 


"5 

^6 

n=l 

1_ 

(2Mq+M2^ 

32 

15 

-r>% 

64 

“105 

0 

.-32 

315 

n=2 


32 

15 


\ .352 

/ 105 


32 

35 

0 

n=3 


.Lm 2 

352 

’105 


1 i^iia 

' 315 

^3 

-1316 

1155 

n=4 


. 64 

105 

•^3^3 

1472 

315 


L 4i6o 

' 693 


n=5 


0 

32 

35 

-i-M4 

. 4i6o 


9440 

1287 

ns6 


.-32 

315 

0 

.1326 

1155 

-tjb 

2440 

1287 



0 . 


(A17) 


The first approximation, obtained from the second-order determinant, 
la given by 


’'3^ ■ ^ “3) 


(A18) 
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The second approximation, obtained from the third-order 
determinant, is given by 

2 (Mi + M^) [(2Mq Mq) + mQ - M2^] 

. >,) - <g)(gD^ ^ * >^) 

The third approximation, obtained from the fourth-order 
determinant, ie given by 

r 

(2M0 ^3) 


(A19) 


- k 



■® |V313. 


V ^ [?32Vl!i22\ . 7352 
8 |vi5/\ 315/ V105/VL05/ 

+ (^) ^5) (i^) (^1 “4) 

- (ST ^ (M3 ^ " Ki§)(^XK ”3) - 

" 2@)(^H(m3 + M 5) - 2(g)(i-^-g)M3(2MQ -H Mg) 

+ 2M^(Mg + Mj^) + ^5) “ ° 


1 

M2M3?- 


(A20) 


■ As in the solution for cylinders with simply supported edges, 

the value of k<, has to be minimired vith respect to 3 for given 

s 

values of Z and Table 1 ehov^ the a^aolts of the various 

approximations for - 

CoimDsrison of present solution vlth previous. ,thepretlj;al 
solutions ," In figure 7 the solution given by Kromm (reference 9) 
is compared vlth the present theoretical solution for cylinders ^ 
vith simply supported edges. Althou^ tne values shovn for Kroinm s 
solution are obtained from small"scale curves and are therefore 
approximate, good agreement is indicated between the results of 
reference 9 and- the present solution. 
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figures 8(a) and 8("b) the results of the present paper are 
compared with those of Leggett (reference 10) > The large 
discrepancies seen in figures 8(a) and 8(h) dre believed mainly 
due to the erroneous assumption In reference 10 that the theoretical 
interaction curves are parabolic and - in the case of figure 8(b) - 
to the further erroneous asstuaptlon in reference 10 that the cross 
sections of cylinders clamped edges in axial compression 
remain circular. 
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AjpEKDiXB 

■VERTICAL PASTS OF- TOCSRETICIAL lIJ®RA.C?rlC2i COR^ 

At lov mlues of tiie CTurvrittn'e pearemeter Z tho theoretical 
Interaction curves have vertical parts at a value of kj- 
corresponding to ’buclcllng in axial caapression alone. (See 
figs. l(a) and 1(h).) These vertical parts indicate that some 
sheer stress may he applied to cylinders at low values of Z 
without any reduction of the campresBlvo stress necessary to 
cause buckling . ' The value of Z at which the vertical parts 
of the Interactlcn curves disappear is the tipper limit of the 
range of Z for which suhstitution of the value of k^^ for 
pure compresBicn into the expression for kg leads to real 
values other tlian zero for ke* 


Cvllpders with slmtilv sun-ported edges .- Equation (All) 
represents the first approximation of the critical ccmhlnations 
of shear-stresB and axial-stress coefficients for cylinders with 
Binply Bi^ported edges. When kg is equal to zero, the mlniiiium 
value of k^ ■»hlch satisfies the restiltlng equation is found hy 
setting Ml equal to zero and is given hy 


kjc - (1 ? 




(Bl) 


This equation is also obtained as the exact solutlcn for a simply 
supported cylinder buckling in pure axial compresslixi (reference 2) . 
The buckle pattern corresponding to the lowest buckling load at 
low values of Z is that for ■vihlch p = 0. The substitution 
of p ■» 0 Into equation (Bl) results In 


k^ = l + 



(B2) 


One critical canblnation of stress coefficients at low values 
of Z is therefore 
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Another approximate critical value of k_ can he found for 



hy Buhstitutlng this value of Into equation (All) and hy 

letting P approach 0. The value of kg for the foregoing value 
of kjj is 



From equation (b 4) it appears that, when k^ 


Indicated in equations 
marner: for values of 



(B3), kg depends upon Z 
7 , < k„ a i Constant: 

\(S ° 

„2 

and for values of Z > 

\jl2" 


has the value 
in the following 
for values 

kg la imaginary . 


Comparison of these ’mlues with equations (B3) indicates that the 
Interaction ciirves have vertical parts for values of Z in the 
range 



(B5) 


Similar calculations with hl^er approximations for k^ give the 

same range of Z for this vertical part so that expression (B5) 
may he considered exact. 
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Cylinders vlth cla3np e' \ ed^eg ** An analysis for cylinders vlth 
clamped edges similar to t'tfft used for cylinders vith simply 
supported edges indicates iiat the first approximaticn for the 
interaction curves gives vertical parts for 

Z< ^ . /. ,tE6) 

Expression (b 6 ), unlike e'cpression (B 5 ) > exact. Because 

the first approximation, Iiowever, is very close to the exact 
solution, when a substantii 1 amount of compression and little shear 
are present, expression (l 5 ) represents a good approximation to 
the exact re Bvilt. 



HI Ti 
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TABTJS 1 


THEORETICAL COrffiUTATTOTS OP SHEAR -STRESS AlTD AXIAL-STRESS 
COEPPICISDITS AND NAVE LENGTHS OF BUCKLES 


z 


First 

approximation 

Second 

approximation 

Third 

approximation 



1^3 

1 

P 


P 


P 


Cylinders with simply supported edges 


1 

-1 



6.64 

0.94 




0 


— 

5.42 

.86 

5.41 

0 .365 


•7 

1.12 

1.12 

2.65 

0 

0 

0 

4.26 

.64 



5 

-2 

8.9 

1.15 

8.12 

1.16 

8.10 

1.2 


-1 

7.84 

1.07 

7-21 

1.1 




1 

5.4o 

.89 

5.11 

.92 




2 

‘ 4.00 

■ .80 

3.82 

.80 





2.5 

3.12 

.75 

3.04 

■75 




3 

2.11 

.67 

2.09 

.67 




3-33 

1.21 

.62 

1.20 

.62 



10 

-k 

11 .95 

^ 1.4 

10.57 

1.42 

10.57 

1.42 


-2 

10.2 

1.32 

9.1 

1.35 




; 2 

6.36 

1.15 

5.83 

1.16 




4 

4.21 

1.06 

3.95 

1.06 




5 

3-04 

1.0 

2.90 

1.02 




6 

1.78 

.97 

1.75 

.96 




6.66 

.88 

.92 

! .86 

.93 
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TABLE X - Continued 


THEOEETICAL COMBBITATICNS OF SHEAR-STRESS AND AXEAL-STRESS 
COEFFICURTS AND WA'VE LENGTHS OF BUCKLES - Continued 


z 


First 

approximation 

Second 

approxiaation 

Third 

approximation 

1=3 

3 

k_ 

s 

P 


P 

Cylinders vlth alraply supported edges 

30 

-10 

21.20 

1.95 

17.88 

2.02 

17.5 

2.3 


-5 

18.12 

1.9 

15.33 

1.95 

15.31 

2.0 


5 

11.62 

1.75 

9.93 

1.78 . 



■ 

10 

8.18 

1.68 

7.0I+ 

1.71 




15 

h .^9 

1.6 

l+.OO 

1.6 




18 

2.36 

1.55 

2.09 

1.55 


* «■ i» 

' 

20 

. 81 + 

1.53 

.77 

1.53 



100 

-1+0 

51.0 

2.9 

1+1.7 

3.1 

41.0 

3.3 


-20 

1+2.5 

2.8 

31 + .9 

3.2 

31+ .6 

3.1 


20 

25.2 

2.7 

20.8 

2.9 




1+0 

16 .2 

2.6 

13.2 

2.75 




6o 

6.8 

2.6 

5.33 

2.7 




65 

i ^»5 

2.6 

3.0 

2.7 




66.6 

3.5 

2.6 

2.2 

2.8 



1000 

-1+00 

277.0 

5.55 

224 .2 

6.2 

220.66 

6.5 


-200 

233.5 

5.5 

189.5 

6.1 

186.4 

6.35 


200 

11+1+ .8 

5.3 

117.2 

5.95 

114,56 

6.4 


1+00 

99.0 

5.25 

78.5 

6.00 


— — 


500 

75*6 

5.25 

58.2 

6.00 

f 



6oo 

51.1 

5.1+5 

35.8 

6,1 




650 

36.2 

5.6 

23.2 

6.1 ' 




666 

30.0 

5.65 

18.65 

5.95 

15.25 

7.0 
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TABLE 1 - Coiicluded 


THEOKETICAL COMBmTICMS OF SHEAR-STRESS AND AXIAL-STRESS 
COEFFICIENTS AND mVE LENGTHS OF BUCKLES - Concluded 


z 


First approximation 

Second ap; 

proxlmatlon 

1^3 

3 


P 

Cylindero with clanipod edges 



13.15 

2.0 

12.66 

2.17 



6.02 

.7 

5.96 

.715 



4.75 

.41 

4.73 

.415 



4.20 

.26 , 

4.19 

.275 


■■ 

3.36 

0 



■HI 


0 

0 



2 

-4.0 

13.18 

2.03 

12.69 

2.19 


3.0 

6.11 

.72 

6.04 

.76 


3.7 

4.91 

.45 

4.88 

.47 


h.O 

4.13 

.255 

4.12 

.26 


4.2 

3.32 

0 




4.2 

0 

0 



5 

✓ 

14.17 

2.24 

13.59 

2.4 


3 

6.66 

.95 

6.56 

.97 


4.2 

4.86 

.55 

4.82 

.55 


4.8 

3.01 

0 




4.8 

0 

0 



10 

-6 

15.52 

2.6 

1^^.79 

2.8 


4 

6.96 

1.2 

6.82 

1 1.25 


6 

4.47 

.75 

4.43 

.76 


7.2 

1.50 

0 




7.2 

0 

0 



30 

-20 

27.54 

4.90 

25.44 

5.45 


14 

6.70 

2.46 

6.25 

2.60 


18 

3.60 

2.15 

3.34 

2.25 


21.5 

0 

1.28 
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Fig. 1 




(b) Clamped edges. 

Figure 1.- Theoretical combinations of shear-stress and axial-stress 
coefficients for buckling of cylinders. 








Fig. 2 
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Figure 2.- Comparison of approximate theoretical interaction equation 

and present solution for Z > 30. 







Figure 3.- Critical stress coefficients for buckling of cylinders 

in torsion. 







Fig. 4 
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III ir 


axial compression. 
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Fig. 5 



Figure 5.- Comparison of empirical interaction curve with test data 

presented by Bruhn. 




Fig. 6 
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Figure 6.- Comparison of empirical interaction curve with test data 

presented by Bridget. 
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Fig. 7 
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V 


Figure 7.- Comparison of Kromm’s solution with present solution for 

simply supported cylinders of Z > 100. 




Fig. 8 
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(a) Simply supported edges. 



Figure 8.- Comparison of Leggett’s solutions with present solutions 

for cylinders. 





